Families of Borel equivalence relations and quasiorders that are cofinal with respect to the Borel reducibility ordering ≤ B are constructed. There is an analytic ideal generating a complete analytic equivalence relation and any Borel equivalence relation reduces to one generated by a Borel ideal. Several Borel equivalence relations, among them Lipschitz isomorphism of compact metric spaces, are shown to be Kσ complete.
Introduction.
For R and S binary relations on Polish spaces X and Y , respectively, one writes R ≤ B S and says that R Borel reduces to S, if there is a Borel function f : X → Y such that xRy ⇐⇒ f (x)Sf (y) (iff (f × f ) −1 (S) = R). Usually this ordering has been studied when R and S both are equivalence relations, but recently it has turned out that the study of quasiorders, i.e., reflexive, transitive relations, is important for the structure theory of ≤ B on analytic equivalence relations. For R a quasiorder on X one denotes by ≡ R the corresponding equivalence relation, x ≡ R y ⇐⇒ xRy ∧ yRx. Then R ≤ B S can be seen as saying that there is a function admitting a Borel lifting from X/ ≡ R into Y / ≡ S , that embeds the partial ordering induced by R into the partial ordering induced by S. This means that the objects in X are simpler to classify with respect to R than the objects in Y with respect to S. It becomes more explicit when both R and S are equivalence relations, where R ≤ B S implies that Y objects modulo S provide complete invariants for X objects with respect to R-equivalence. And furthermore, the invariants can be calculated in a Borel manner from the initial objects.
A classical example of this is the Stone representation of (countable) Boolean algebras by compact (Polish) spaces up to homeomorphism. This shows that isomorphism of countable Boolean algebras Borel reduces to homeomorphism of compact Polish spaces.
In the article [15] , by Louveau and the author, it was shown that certain naturally occurring quasiorders such as embeddability between binary relations on a countable set are analytic complete, i.e., Borel reduce any other analytic quasiorder. We use these results to show that certain families of Borel quasiorders and equivalence relations are cofinal with respect to ≤ B .
Families of Borel equivalence relations, cofinal for the the ones reducing to isomorphism of countable structures (that is, classified by countable structures), were already given by Friedman and Stanley in [5] . Their main example is the class consisting of the relation of isomorphism between trees of bounded height less than ξ with ξ running over the countable ordinals. But as has been known for long, these families fail to reduce even quite simple Borel equivalence relations. A particular example of such an equivalence relation is E 1 defined on R ω by xE 1 y ⇐⇒ ∃N ∀n ≥ N x n = y n .
Our results are a happy generalisation of the analysis in [5] combined with the completeness theorem in [15] .
Given an ideal I on ω there is a naturally associated equivalence relation E I on 2 ω given by xE I y ⇐⇒ x y ∈ I. We construct an analytic ideal I max generating a complete analytic equivalence relation. This combined with a rank argument shows that any Borel equivalence relation reduces to one generated by a Borel ideal.
Another class of equivalence relations that admit complete elements is that of K σ 's. One example was given by Kechris in [10] and many more by Louveau and the author in [15] . These all had the disadvantage though that they were of the form ≡ R for some complete K σ quasiorder R. This in turn implies that they are very difficult to reduce to anything else, unless it itself is given as the equivalence relation associated to some quasiorder. The same is the case with complete analytic equivalence relations, where it can even be shown that E is complete iff E = ≡ R for some complete quasiorder R. So the only naturally occurring equivalence relations known to be K σ complete were of the form: biembeddability of finitely branching combinatorial trees or isometric biembeddability of certain classes of Polish metric spaces. We remedy this by giving more handy versions of this important node of the Borel reducibility ordering and apply our results to classification problems in analysis. In particular we show that Lipschitz isomorphism of compact metric spaces is K σ complete.
The paper is organised as follows. In section 2 we give the construction of the analytic ideal generating a complete analytic equivalence relation. Section 3 concerns operations on equivalence relations and quasiorders, some of which are shown to lead to jumps in the Borel hierarchy. Generalising in section 4 the Scott analysis of isomorphism to quasiorders, we show that a certain jump induces cofinal families among quasiorders and equivalence relations. Finally section 5 addresses the problem of finding complete K σ equivalence relations.
Our general reference for descriptive set theory will be the book of Kechris, [9] , whose notation will be adopted wholesale and which explains most of the common notions used here, notably concerning trees, Wadge reducibility, e.t.c. This paper was written while the author was a doctoral student at the University of Paris 6. I am sincerely grateful to Alain Louveau without whom this would not have been.
A complete analytic ideal.
We will show that there is an analytic ideal on ω such that its induced equivalence relation on 2 ω is complete analytic. This will by a reflection argument imply that any
Borel equivalence relation reduces to one induced by a Borel ideal and thereby solve a problem of Kanovei. In fact for our purpose it will be easier to define the ideal on a countable set other than ω, namely D, the complete tree on 2 × ω.
On ω <ω we can define the following addition and ordering: for s, t ∈ ω <ω of the
The following relations defined on the class of normal trees were shown to be respectively a complete analytic quasiorder and a complete analytic equivalence relation in [14] , [15] :
Let I max be the analytic ideal on D generated by g E * max , where g(T, S) := T S.
We claim that the identity is a reduction of E * max to E I max , i.e., where x, y ∈ 2
D
are E Imax -equivalent iff their symmetric difference is in I max . Proof of claim: By the definition of the ideal it is clear that T E * max S =⇒ T S ∈ I max .
Notice that due to the normality of the trees if
This continues until we
T i S i which is a contradiction. We have proved:
Theorem 1 E Imax is a complete analytic equivalence relation.
Suppose that I is an analytic ideal on ω and C ⊂ 2 ω an analytic set disjoint from I. Define the following property on P(2 ω ) × P(2 ω ):
1 , hereditary and continuous upwards in the second variable. Moreover Φ(I, I), so by the second reflection theorem (see [9] , (35.16)) there is some Borel set J containing I and furthermore satisfying Φ(J, J). J is therefore a Borel ideal J containing I disjoint from A. This shows that if I = ω 1 B ξ are the complements of the Borel sets constituting I. Then for a closed unbounded set of ξ < ω 1 B ξ is a Borel ideal.
Theorem 2 Any Borel equivalence relation reduces to one induced by a Borel ideal.
Proof : Suppose E is a Borel equivalence relation on a Polish space X and f : X → 2 D is a Borel reduction of E to E I max . Let I ξ , ξ < ω 1 be an increasing enumeration of those of the complements of the constituents of I max that are Borel ideals and notice that if xEy then f (x) f (y) ∈ I max ⊂ I ξ . On the other hand notice that f (x) f (y) ¬xEy is an analytic set disjoint from I max and hence also disjoint from some
Kanovei asked ( [8] , Question 1), building on work by Greg Hjorth, if all Borel ideals were Borel stable, which in particular would imply that T 2 , aka = + , i.e., equality of countable sets of reals would not Borel reduce to any Borel ideal. The above shows this not to be the case.
Operations on quasiorders and equivalence relations.
We will in this section define what we call operations on equivalence relations and quasiorders, though we will only be interested in definable relations, e.g., Borel or analytic. The operations we consider will be of the type R → R , associating to each either equivalence relation or quasiorder another equivalence relation or quasiorder. This could be for example the infinite power of the first relation. But a natural constraint on the operation will be that of preserving ≤ B , i.e., R ≤ B S =⇒ R ≤ B S . This constraint will then guarantee that the operation will be an operation on the degrees, that is, will induce an operation on the ∼ B classes. We can therefore speak about jumps, as those operations that are strictly increasing with respect to ≤ B , i.e., such that R < B R Let us mention first the very important Borel anti-diagonalisation result of Harvey Friedman (see the article by L. Stanley [16] 
, there is a x and an n < ω with G( x)Ex n .
The + operation in fact naturally defines a jump operation on Borel equivalence relations and it is shown by Friedman and Stanley in [5] , section (1.2) that if one begins with identity of reals and defines the transfinite iterates of the jump by taking infinite products at limit ordinals then the corresponding hierarchy will be ≤ B -cofinal among Borel equivalence relations Borel reducing to a Borel action of the infinite symmetric group S ∞ . But unfortunately already E 1 escapes this picture, as it does not reduce to any relation in this hierarchy, in fact it does not Borel reduce to any Polish group action. So we are far from having a cofinal family. This we can remedy now that we know that biembeddability of countable combinatorial trees is analytic complete. So our goal here is to extend the analysis done by Friedman and Stanley in [5] and [4] to quasiorders in order to get cofinal families of Borel equivalence relations and quasiorders. First we deduce the following result essentially contained in [5] (see section (1.2.2)):
Definition 4 Let
then there is for any x ∈ X ω an n < ω with f ( x)Rx n .
Proof : Suppose there is some u ∈ X ω with ∀i ¬f uRu i . Let
Note that as B is nonempty, G is well defined.
So we see that G and (≡ R ) + verify the hypothesis in Friedman's theorem.
So there are therefore an X ∈ (X ω ) ω and an n such that
ther f x n ∈ B, whereby f x n ∈ G(X) and therefore both ∀i ¬f
This shows that G cannot be welldefined and therefore that B is empty finishing the proof. 2
Let us see an application of this result:
Proposition 6 Let R be a Borel quasiorder on a Polish space X. Suppose that R admits two incompatible elements a, b, i.e., ∀x ¬(xRa ∧ xRb). Then
It is necessary to have some additional hypothesis on R to get the above result. For if R is simply the reverse ordering on ω then it is easy to see that any sequence of naturals is classified with respect to R cf by its maximal element. 
So f verifies the condition in the foregoing proposition, and therefore for any x ∈ X ω there is an n such that f xRx n . So for any x:
and therefore for any y ∈ X ω :
Which means that ≡ R can only have one class. 2
Scott derivations and cofinal families of Borel quasiorders.
We intend to extend the Scott analysis of isomorphism to an analogue analysis of the embeddability relation. To avoid confusion we note that by embeddability we simply mean isomorphism with a substructure and reserve the notation for this. All our structures will be countably infinite and can therefore always be taken to have domain ω; we let s, t, u, v be variables for elements of ω <ω and A, B variables for relations on ω, i.e., subsets of ω × ω.
Definition 9
We define for all ξ < ω 1 a relation ξ between elements (A, s) and (B, t) as follows:
The following is the exact analogue of Scott's theorem for isomorphism (for an excellent survey of this result see the article of Barwise [1] ) and is proved the same way.
It is of course meaningful to restrict and ξ to a certain class of relations on ω, as for example the class of combinatorial trees T.
We need the following parametrised version of the basic result on Borel derivatives, (cf. (34.13) in [9] ):
Let Y be a standard Borel space and X = P(C), for C some denumerable set, and
Theorem 11
Let R be a Borel quasiorder on a Polish space Z. Then R ≤ B α on T for some α < ω 1 .
Proof : Let T := (s, t) ∈ ω <ω × ω <ω |s| = |t| , which is the full tree on ω × ω and X := P(T ). D : T 2 × X → X is the parametrised Borel derivative defined by:
But the derivative clearly corresponds to the Scott analysis of embeddability, so
∈ Ω D . Let now f : Z → T be a Borel reduction of R to . This can be found as on T is a complete analytic quasiorder, as shown by Louveau and the author in [15] , section
Definition 12
Let R be a Borel quasiorder on a Polish space X. Then for all ξ < ω 1 we define a Borel quasiorder R ξ on a Polish space Y ξ as follows:
• If R ξ is defined on Y ξ for all ξ < λ, where λ is a limit ordinal, then
Let now X := T × ω <ω . Then the following is easily shown.
Lemma 13 Suppose that
Proof : Let f be the given reduction.
And g : (A, s) → (f (A, sˆk)) k<ω is the desired reduction. 2
Lemma 14 Suppose that for all
Proof : Let f ξ be the respective Borel reductions. Then
Notice that (X, 0 ) ≤ B (ω, =). For the first is easily seen to be a Borel equivalence relation with a countable number of classes. This is so as a pair (A, s) is completely characterised with respect to 0 by the simple diagram of s over A.
Corollary 15 If R is a Borel quasiorder having an infinite antichain then
We mention also (as was noticed by A. Louveau) that the above result can be put on its head. Namely that if instead of varying the quasiorder we vary the domain, keeping the quasiorder fixed, we also get a cofinal family. More specifically let T r ω be the set of subtrees of the full tree on ω and define the following relation on it: T RS iff ∃f : T → S lexicographically strictly increasing. Of course R is only analytic, but if one restricts it to the set of trees of some bounded countable height it becomes Borel, and varying the height up through the countable ordinals, one gets a cofinal family of Borel quasiorders. This is easily shown by a transfinite induction using the preceding results. On the contrary we cannot claim that the relation of embedding between trees of bounded height is Borel. This is highly doubtful as the general marriage problem or the problem of finding injective choice functions is analytic, non Borel. This problem is avoided in the definition of R above, as one demands f to be increasing and not only injective.
Complete K σ equivalence relations.
We begin by elaborating some useful notation introduced by Hjorth and Kechris in [7] .
Definition 16 Suppose that E ⊂ F and R ⊂ S are binary relations on Polish spaces X and Y respectively. Write (E, F ) ≤ B (R, S) iff there is a Borel function f : X → Y , such that xEy =⇒ f (x)Rf (y) and ¬xF y =⇒ ¬f (x)Sf (y). This is surely a transitive relation. Furthermore, when writing simply E for the pair (E, E), the relation coincides with the usual Borel reducibility relation.
On C we define the following relations:
Let us recall the following result:
Theorem 17 (Kechris [10] , Louveau-Rosendal [15] 
So we can write Y as an increasing union of compact subsets Y n ⊂ Y . Write also R as an increasing union of compact relations F n ⊂ Y 2 and define inductively:
Then one easily sees that (R n ) is an increasing sequence of compact relations, such that R n • R n ⊂ R n+1 and R = R n . Now fix some basis {U n } for the topology of Y and define for each n ∈ N the function f n : Y → P(ω) by
So suppose that xRy. Then for some n, xR n y and therefore for any z ∈ Y if zR k x then zR max (n,k)+1 y. This shows that R
Conversely, suppose for some n and all k, f k (x) ⊂ f n+k (y). Take k big enough such that xR k x and notice that x ∈ R x k ⊂ R y n+k , so xR n+k y and xRy.
If R was actually an equivalence relation, the reduction would in fact also be a reduction to H. 2
Suppose in the proof above that R = H. Then as C is compact we can let R 0 = ∆ and so one sees that φ reduces H to (H, F ).
The problem with H is that it is not really an equivalence relation, but rather the equivalence relation associated to a quasiorder. So in practice for showing that some equivalence relation is K σ complete it is not of much use, unless the latter is given as the equivalence associated to some other complete K σ quasiorder. This is what we will remedy here. We will give several, hopefully more handy, versions of this important degree of Borel equivalence relations.
Definition 18
• Let X 0 := n≥1 n, where n = 0, . . . , n − 1 , and define
as the space of strictly increasing sequences of integers and define
O is called the oscillation relation of sequences of integers. It is Stevo Todorcevic's favourite counter example to Ramsey properties for the product, which by itself of course is sufficient motivation to classify it.
We say that a relation is essentially of some class Γ if it Borel reduces to some relation of class Γ. It will useful to have some general forms of K σ equivalences in mind:
(i) Let (X n , d n ) be a sequence of Polish metric spaces and let for α, β ∈ X n : (ii) Suppose that (f n ) is a sequence of functions from ω to ω closed under compositions. Then the following is a quasiorder on P(ω) ω and is essentially K σ :
The same holds if we replace P(ω) ω by F(X) ω for some Polish space X. Furthermore the corresponding equivalence relation is of course also essentially K σ .
Proposition 19 E Kσ , O and E ∞ are Borel bireducible with the complete K σ equivalence relation.
Proof : We will see that they are bireducible with H. Clearly E K σ ≤ B E ∞ and E ∞ is essentially K σ by (i) above. Also O easily extends to a K σ equivalence relation on all of 2 ω .
To show that H
is a given increasing sequence of subsets of ω. Then x A is defined as follows: if g(n, k) = p and q ≤ k is minimal such that n ∈ A q , or q = k and n / ∈ A k let x A (p) = q. We claim now that A → x A is a reduction of (H, F ) to E Kσ . To see this suppose that ¬(A k )F (B k ) and ∀k ∃n k ∈ A 0 \B k . Then x A (g(n k , k)) = 0 and x B (g(n k , k)) = k for all k, so clearly x B is not bounded by x A + N for any N , and therefore ¬x A E Kσ x B .
On the other hand to show that if
Finally we reduce E K σ to O: Let (n k ) be the sequence such that n k+1 − n k = k, n 0 = 0 and x → A x ⊂ ω be given by
Now just enumerate A x in increasing order and one obtains the reduction.
2
We will now briefly investigate the structure of our newly found candidate for a canonical complete K σ equivalence relation. For that we need the notions of isomorphism and invariant embedding.
Let for E and F Borel equivalence relations on Polish spaces X and Y respectively: E B F if there is an injective Borel reduction f of E to F . E i B F if the f can be chosen injective and such that f [X] is F -invariant (i.e., F -saturated). And moreover, E ∼ = F (E is isomorphic to F ) if it can be chosen bijective. When we replace the index B by a c it means that the reduction can furthermore be taken continuous. If G is a Borel subset of X, we write E G for the Borel equivalence relation E ∩ G × G. Furthermore, G is called a complete section provided that it intersects every E-class.
Lemma 20 For E a Borel equivalence relation on a Polish space X we have E
Proof : This is easiest to see using O. For notice that E Kσ ≤ c O and that if f : [ω] ω → X is a Borel reduction to E then f is continuous on some
We notice also that if E is a K σ equivalence relation on a compact Polish space X then the canonical reduction of E to E K σ is injective. This can easily be checked from the proof.
A Borel equivalence relation E is called uniformly continuous if
Lemma 21 E K σ is uniformly continuous.
n kn be a partition of n into intervals of cardinality 2 or 3. For x, y ∈ X 0 let xF y iff ∀n > 1 x(n) ∈ I n i ↔ y(n) ∈ I n i . Then F is smooth with a continuous selector (taking the lexicographically least element) s and all the classes of F have continuum size. Let p :
So by proposition 3.4 of Kechris and Louveau [11] E Kσ is uniformly continuous. 2
Proposition 22
Let E is a uniformly continuous K σ equivalence relation on a compact metric space X, bireducible with
Proof : We notice that since E B E Kσ and E is uniformly continuous,
The result follows now by a Schroeder-Bernstein argument.
2
We will now see that K σ quasiorders are in fact somewhat inevitable when dealing with equivalence relations. We have namely the following of which a similar result was shown to hold for Σ 1 1 equivalence relations in [15] .
Proposition 23 A Borel equivalence relation E on a Polish space
Proof : Notice first that as the diagonal ∆(X) is a closed subset of E it is K σ and the space X is therefore also K σ . Let f : X 0 → X be a continuous reduction of E Kσ to E and let R be defined on X 0 by xRy iff there is an N such that for all n x(n) ≤ y(n) + N . One seesx from the proof of proposition 19 that R reduces ≤ K σ and is therefore K σ complete. Put P = (f × f )[R] which is then K σ by the continuity of f . Let for x, y ∈ X:
As X and P are K σ , so is S. Moreover one can check that S is a quasiorder, reduces R and ≡ S = E.
As a final remark we mention that if E is a Borel equivalence relation reducing E Kσ then there is a G δ complete section G of E Kσ with E Kσ G c E. For suppose that f : X 0 → X was a continuous reduction of
Note that such a function will preserve Cauchy sequences in both directions, and therefore to check whether two Polish metric spaces are Lipschitz isomorphic it is enough to verify that they have Lipschitz isomorphic countable dense subsets.
This implies that if one sees Polish metric spaces as the set of closed subspaces of some universal Polish metric space, as, for example, the Urysohn space U, c.f. the articles by Clemens, Gao and Kechris [3] , [6] . Then the notion of Lipschitz isomorphism becomes analytic in the Effros Borel structure.
Theorem 24 Lipschitz isomorphism of compact metric spaces is Borel bireducible with
Proof : We commence by reducing Lipschitz isomorphism to some K σ equivalence of the form (ii). This will follow along the lines of Gromov's proof that isometry of compact metric spaces is smooth.
Notice that if f :
is a c-Lipschitz isomorphism then any t-net in K (i.e., a set such that any point in K is of distance less than t to some point in the set) will be sent to a ct-net in L.
If
n×n be the set of distance matrices of n-tuples that are t-nets in K.
[ are clearly closed under compositions, so given our claim this shows ∼ L to reduce to something of the form (ii).
So
) (K) and shows one direction.
Suppose on the other hand that
Let (x i ) be a countable dense set in K and take for all n a y n = {y
is simply the Hausdorff distance between {x 0 , . . . , x n } and K, which in this case is the supremum of the distance of a point in K to {x 0 , . . . , x n }, that is, in some sense {x 0 , . . . , x n }'s modulus of density.
Diagonalising and using the fact that L is compact one can find an infinite A ⊂ ω and y i ∈ L such that y Using now that for all k
and, a fortiori, {x 0 , . . . , x m } is a 
But this is impossible as y i is in the image of K and the image of K has therefore to be L. Which finishes the proof of the claim.
We are now left with showing that Lipschitz isomorphism is complete. This will be done by rendering E K σ more rigid.
We work in R 2 and define
L f y then, a fortiori, they are homeomorphic and it is therefore easy to see, by checking the branching points, that C x(n) n must be sent bijectively to C [5] , theorem (1.1.1)) . Here a countable combinatorial tree is simply a connected, symmetric, irreflexive binary relation on ω without cycles.
First for any combinatorial tree T ⊂ ω × ω and any node in T we add two infinite branches parting from the node. Call the tree so obtainedT .
Obviously T S =⇒T S , but alsoT S =⇒ T S and any isomorphism betweenT andS restricts to an isomorphism of T and S. This is so as any point x ∈ T ⊂T has valence ≥ 3 inT and any point x ∈T \ T has valence 2. Correspondingly for S andS. Now replace any edge inT by the line segment [0, 1] and equip the object, T , so obtained with the geodesic distance. So T is the R-tree spanned byT . Then we have the following:
The valency of a point x ∈T ⊂ T is therefore the smallest natural number such that x has a neighborhood basis consisting of sets whose boundary is exactly of that cardinality.
This means that the valency is a topological invariant for the points inT and is therefore preserved under Lipschitz isomorphism. Moreover, any Lipschitz isomorphism between T and S will of course send the branching points to the branching points and therefore finally send T to S. But the points in T and S are uniquely path connected, so this path will also preserved. So all in all this implies that the Lipschitz isomorphism restricts to an isomorphism of T and S. 2
This of course gives an indication of Lipschitz isomorphism being monstrously complicated and it seems to be the best candidate for an isomorphism relation being analytic complete. For we know both that it reduces relatively complicated Polish group actions and that it cannot itself reduce to a Polish group action as it reduces E Kσ and therefore E 1 . But our methods for showing something to be analytic complete are yet not sufficiently developed for direct attack on this problem.
We finish by classifying the relation of equivalence of Schauder bases. Our space of bases will be chosen as Bossard does in [2] , where a basis is seen as a subsequence of the universal basis, {u n } ω , constructed by Pelczynski. That is any Schauder basis is equivalent to a subsequence of Pelzcynski's basis and can therefore be identified a with some {u n } A , A ∈ [ω] ω . We note that Bossard in the above mentioned paper shows that E 0 Borel reduces to equivalence of bases.
Proposition 26 Equivalence of Schauder bases is Borel bireducible with E K σ .
The following lemma is classical.
Lemma 27 For 1 < p < q < ∞ and n ∈ N Proof : Let tp = q and t be its conjugate exponent, i.e., 
